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Modeling of Momentum Transfer to a Surface
by Laser-Supported Absorption Waves

J. P. Reilly,* A. Ballantyne,t and J. A. WoodroffeJ
Avco Everett Research Laboratory, Inc., Everett, Mass.

A simplified parametric model of the flowfield produced by impingement of a high-energy laser pulse onto a
nonablative surface in a static environment is described. An attempt has been made to account for the two-
dimensional effects arising out of the rarefaction structure within the laser-heated gases. An optimization model
is developed to indicate the laser spot size, pulse width, and intensity dependencies of the efficiency of delivery of
both impulse and mechanical energy to the target surface.

Nomenclature

A = area
C = sound speed
D = detonation velocity, defined in Eq. (5)
h = target thickness
/ = impulse
K = nondimensional relaxation time ( = TZ/TP)
p = pressure
r = radial coordinate
R = blast wave radius
Rs = spot radius
t = time
u = radial velocity
u ( x ) = axial velocity
v = velocity behind shock in LSC model
Vw = LSC wave speed
W = nondimensional particle velocity
x = axial coordinate
a =(Kt)
y = ratio of specific heats in plasma
70 = ratio of specific heats in air
p = density
o = target material density
Tf) = pulse length
TZ = axial relaxation time
T2D = radial relaxation time
T = normalized pulse time (= rp /r2D)
TO = pressure relaxation time
$0 = incident laser flux intensity, W/cm2

Subscripts
LSC = laser supported combustion condition
LSD = laser supported detonation condition
0 = ambient
r = condition behind rarefaction
s = surface, spot
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I. Introduction

THE dynamics of the plasma generated on a nonablative
surface by a pulse of laser radiation is a function of

incident flux level, ambient gas conditions above the surface,
laser spot geometry, and pulse duration and shape. The
objective of this paper is to describe a parametric model of the
time history of the flowfield, and its consequent momentum
transfer to the surface, induced by the laser flux. Although it
uses approximate models of the gasdynamics, the model
attempts to encompass the underlying physics of the processes
involved.

The flowfield produced by the laser flux is generally divided
into two regimes dependent upon flux intensity (Fig. 1). At
flux levels slightly in excess of the plasma threshold, a sub-
sonic laser supported combustion (LSC) wave will be
generated.l This has been observed at flux levels in excess of
3x l0 4 W/cm2, for CO2 lasers at 10.6 ^m (Ref. 2). At
substantially greater flux levels (greater than 107 W/cm2), the
short absorption length of the radiation allows a laser sup-
ported detonation (LSD) wave to form. At intermediate flux
levels (106-107 W/cm2), a transition occurs between these
two states.

The strongly time-varying, three-dimensional nature of the
flowfield makes it a particularly difficult problem to solve
analytically. The cases described herein are limited, for the
most part, to circular uniformly illuminated spots on the
surface, with a simple step function flux history. The surface
is assumed not to ablate to any significant degree; therefore,
ablation thrust is not considered in the pressures exerted on
the surface by the air plasma. The momentum transfer by
pulsed lasers has been investigated by several authors. Pirri4

developed a model for LSD waves using one-dimensional flow
and blast wave scaling laws derived from similarity prin-
ciples.5 More recently, Holmes et al.6 attempted to extend
this to a quasi two-dimensional form, using a method of
characteristics approach and blast decay laws. Ferriter et al.7

have used both Pirri's one-dimensional approach and a
computer simulation (LASNEX). The LSC structure has been
less well described, as a result of its far greater mathematical
complexity. Pirri et al.8 and Boni et al.9 have produced what
is to date the most comprehensive descriptions of the one-
dimensional flowfield.

II. Analytical Model of Surface Pressure Time History

Characteristic Time Scales and Initial Conditions
The surface pressure time histories for LSD waves have

been described in terms of two characteristic time scales.4'6
These are shown in the x-t diagrams of Fig. 2. The more
important of these is the radial relaxation time, at which the
leading edge of the radial rarefaction fan, produced by the
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Fig. 1 Schematics of flow regimes: a) LSD wave; b) LSC wave.
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Fig. 2 x-t diagrams of constant flux LSD.

blast wave at the spot edge, reaches the spot center. This is
given by

r2D=R5/Cs (1)

where Rs is the laser spot radius and C5 is the sound speed in
the hot plasma. On termination of the laser pulse at time TP, a
rarefaction propagates backward from the detonation front,
causing surface pressure relaxation subsequent to its arrival at
time TZ. The time history of the flowfield can thus be
described in terms of the nondimensional times

K=rz/rp (3)

Although not as well defined as for the LSD, similar time
scales can be described for the LSC wave structure. The
flowfield configurations for LSD or LSC waves are shown
schematically in Fig. 1. The radial blast wave induces a radial
rarefaction in the LSC, but its velocity toward the center is
not as well characterized, as a result of the complex radial
outflow pattern of the hot high-pressure plasma behind the
wave. However, at the surface it would seem reasonable that
boundary-layer effects produce a nearly stagnant zone across
the spot. The radial relaxation time is thus assumed to have
the same definition as for the LSD case [Eq. (1)].

The initial one-dimensional surface conditions (^ = 0) have
been characterized by Raizer3 for the LSD wave and by Boni
et al.9 for the LSC wave. Raizer's model assumes complete
absorption of the laser flux in the detonation front, giving a
surface pressure of

^LSP =

and a velocity of

D=[2(y2-l)*0/Po]"

(4)

(5)

where y is the specific heat ratio of the gas ahead of the wave.
An approximate solution has been obtained for the LSC
wave8 assuming uniform conditions behind the wave and
between the percursor shock and the wave. The pressure and
wave speeds are given in this case by

(y+W)(y0-l-2W).

VW=(W+1)\
0 + l)(y+W)(y0-l-2W)

r
*fPo\

(6)

(7)

where y0 = \A, 7=1.2, and W is the nondimensionalized
particle velocity through the wave given by

W=(Vw-v)/v (8)

$p is the absorbed laser flux which is, in general, less than $0.
Pirri et al.8 gives the absorption to be between 80-90%.

The solution of the LSC conditions becomes a strong
function of the absorption of the laser radiation by the
plasma. For true LSC conditions W~Q. As the flux is in-
creased to transition where the wave becomes sonic, it can be
shown that the Chapman-Jouget condition (equivalent to a
''weak" LSD wave structure) implies a value H^«0.1 (Ref. 8).
The formation of a detonation-like structure at or near the
transition flux intensities takes a finite time. This has been
characterized by the time required for the initiating plasma to
travel a distance equivalent to its absorption length. The
predicted surface pressures for the LSC are roughly twice
those of the LSD for a given flux intensity.

The surface sound speeds are given by:

(9)

(10)

___ TLSC =

CsLSD ^LSD

1/2\IQ-I y + i
y W (11)
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Thus, for JF=0.04, the ratio of sound speeds is ap-
proximately 2.4. The obvious problem with determination of
LSC structure is the evaluation of IV in terms of the radiation
absorption. However, there is evidence to suggest that the
pressure relaxation process occurs on a time scale com-
mensurate with the sound speed being of approximately this
value.10

The evaluation of rz for the LSD wave can be made in terms
of the method of characteristics. The sound speed in the
region behind the detonation wave has the form shown in Fig.
3. The resultant velocity of the rarefaction toward the surface
subsequent to pulse termination is thus

d*-- =c(x)-u(x)at

where x is the distance of the leading rarefaction from the
surface.

The characteristic for this rarefaction is:

2 Dc(x) -u(x) =
7-7 7-7.

Without detailing the algebra, the linear differential equation
can be solved, giving

which gives a value of #=3.2275 for 7= 1.2. This is longer
than the approximate solution of #=2.83 obtained by
Ferriter et al.,7 as they considered the conditions behind the
LSD wave to be uniformly u(x) =0 and c(x) =yD/ (7- 1).
The LSC wave, assuming uniform conditions behind the
wave, gives an effective velocity of C5LSC. The distance that
the wave has moved from the surface by pulse termination is
F^.Thus,

For ^=0.04, this can be evaluated to be 1.47 rp, and for
W=Q.\ gives 1.96TP.

Method of Characteristics Solution of Radial Rarefaction Fan
Holmes et al.6 applied a method of characteristics ap-

proach to the solution of the pressure time history at various
radial positions under the laser spot. They described the
pressure decay in terms of a series of rarefactions bounding
between centerline and contact surface causing a ''staircase"
decay. They ignored the effect of spherical or cylindrical
expansion upon the blast wave, inducing a continuous motion
of "rarefactions toward the center, hence producing a con-
tinuous pressure decay. The present method then describes the
pressure history in terms of the first radial rarefaction until
time t = r2D and the subsequent decay in terms of blast decay
scaling.

The continuity equation for cylindrical flow is given by:

dp
— -
d t

d p
— ̂
d r

d u
--
d r

(12)

In order to solve this equation, the pu/r term is neglected (i.e.,
quasi-one-dimensional). This would seem a reasonable ap-
proximation except at the spot center; hence, we expect
inaccuracies in our analysis near the spot center. The
characteristic solution is:

u±
7-7
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For the given rarefaction fan (see Fig. 3), the velocity behind
the fan is given by:

(13)

The shock tube equations give the velocity behind the fan as:

Po p0 l)pr/p0+(y0-l)—1"-HI (14)

These two equations can be solved to give values of (pr/ps) as
a function of ps (and, consequently, $p). The solution for the
LSD in the flux intensity range 106-107 W/cm2 is shown in
Fig. 4. As can be seen, there is substantial variation inpr/ps
within this flux range. The variation of (pr/ps) for the LSC
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Table 1 Scaling laws (after Sedov5)

Pressure Scale

Planar
Cylindrical
Powered

cylindrical3

Spherical
Powered

spherical3

P=_Prt(!'Tnt)-™

p=p^(t/T^rl/2

p—p ( f / T \-6/5

p=p^(t'^r4'5
aPowered scaling laws refer to cases of linear energy deposition; i.e., constant

Table 2 Regimes of pressure decay scaling (circular spot)

I

III

Axial rarefaction arrives at surface before radial
rarefaction reaches centerline
Planar decay rz<t< r2D
Spherical decay r2D ̂  /

Radial rarefaction reaches centerline before axial
rarefaction arrives at surface
Spherical decay r2D ̂  t

Radial rarefaction reaches centerline before axial
rarefaction arrives at surface
Powered spherical decay rp < /

can be even more significant as a result of variation in W. As
the exact variation in IVis, in general, not known, it becomes
difficult to model the LSC momentum transfer with any
certainty. However, bounds can be placed in the values.

As W tends to zero, the analysis becomes physically
unreasonable, with surface density tending to zero and sound
speed to infinity. This is equivalent to no mass flow through
the wave. The pressure ratio across the fan tends to unity and,
as a result of the infinite sound speed, the impulse tends to
zero.

Blast Decay Scaling Laws
The time history of the surface pressure is modeled in terms

of self-similar scaling laws which provide a reasonably simple
means of describing the pressure decay over the laser spot.
The blast decay laws are taken to apply at times subsequent to
the arrival of either the radial rarefaction at the center or the
axial rarefaction at the surface. The geometry of the blast
decay is dependent upon the relationship between TZ and r2D.
The pressure-time relationships for various geometries are
given in Table 1.

The different regimes of pressure decay are characterized
by the value of f. There are essentially three ranges of f; these
are summarized in Table 2. The formulation of the
momentum transfer is thus dependent upon the length of the
pulse, relative to the two-dimensional relaxation time.

Model Formulation
The essence of the present formulation is that an attempt is

made to include the effect of radial nonuniformity in the
momentum transfer. The impulse delivered to the surface by a
laser pulse is, by definition,

(15)

where TO is the time at which the surface pressure has relaxed
to ambient conditions. It is to be noted that in the range of
experimental conditions for flux intensities of the order of

106-107 W/cm s, the effect of ignoring the term -p0r0A can
be significant. Several authors have evaluated impulse as

f T°P1= pdAdtj o JA

For extremely high ratios ps/p0 this is correct, but the con-
tribution to the effective impulse by (-p0T0A) can be of
order 20-40% for flux intensities corresponding to surface
pressure ratios (ps /p0) of up to 60.

The model described here specifically relates to the
momentum transferred to the laser-illuminated region of
surface (As). This is not the total impulse delivered to the
surface. The radial spread of the blast wave results in an
increased area for impulse pressure to act upon. However, no
attempt has been made in this paper to consider this con-
tribution to total impulse delivery.

The model described here, for calculation purposes, treats
the radial rarefaction fan as being infinitesimally thin. In
terms of contribution to the total impulse, the effect of
ignoring the additional impulse, in terms of the assumed self-
similar decay subsequent to fan arrival at the centerline,
accounts for only 1% at most. Within the limits of overall
accuracy allowable by the conceptual approach of the model,
this is insignificant, and for simplicity, ignorable. The radial
flow model thus takes the form illustrated in Fig. 3.

Regimes II and III are somewhat simply described. The
impulsive contribution up to t = T2D is given by:

! P,[l-(l-t/T2D)]'dt
0

where the first term corresponds to the region in front of the
rarefaction, and the second to the region behind it. On in-
tegration, this gives

1 = VwR2
sT2Dps[l+2(pr/ps)} (16)
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The subsequent time history is then given by a blast wave
decay. At this point, the question arises as to the initial
pressure for the decay process. Obviously, as far as the finite
width rarefaction fan is concerned, the centerline pressure
remains ps at t = T2D. However, considering the entire laser-
illuminated spot, the majority of the area is at a pressure^.
Examination of the fan structure (Fig. 5) shows that greater
than 10% of the area is at pressure pr. This is, of course,
neglecting the additional rarefaction effects produced by the
expansion of the radial blast wave, which is a consequence of
the simplified quasi-one-dimensional characteristics solution.
An interesting comparison is that of the computer simulation
of Ferriter et al.7 (Fig. 6). The pressure decay predicted by
their results would appear more in keeping with the
postrarefaction pressure pr. On this basis, the subsequent
momentum transfer is given by:

T0 / t
Pr( —

T2D ^ T2D
dt (17a)

and

t \ -4/5TP / t
Pr( ———T2D ^T2D

{ T0 / t \~6/5

prt-4'5(-) dt (7<f<r m a x )
TP \rp/

where the decay time, TO, is given by

T0=(pr/P0)5/6T2D

(17b)

The maximum pulse length, rmax, is such that the powered
spherical blast decays to ambient conditions at the point of
pulse termination. Any subsequent power addition is wasted.
Thus,

I 5/4

Without detailing the algebra, the total (area-integrated)
impulses, given by

become, in normalized form,

«*-«« (18a)

and

(7<7<7max) (18b)

It has been suggested that cylindrical blast model is applicable
for 7>r2D.4 For completeness, in the absence of any precise
evidence to the nature of the decay process, the cylindrical

2 3 4 5 6 7 8

NON-DIMENSIONAL TIME t/r2D

Fig. 6 Comparison of
LASNEX7— pressure decay.
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Fig. 7 Normalized impulse over spot for two-dimensional model of
LSD.

solution of the preceding formulation is given. Thus,

1 \ f P r \ (Pr\ /PrM+ -\l^\fal*LL\-.l*:JL\\
TL\pJ \Pn/ \pJl

(19)

The short pulse regime produces a planar decay in the region
inside the rarefaction fan. The interaction of the two
rarefactions is not clearly defined. However, it can be shown
that the sound speed behind the fan is given by:

which, for the pressure ratios of interest, is only slightly less
than C5. The assumption for this part of the model is that the
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planar decay takes place over the entire laser spot, while the
rarefaction continues inward at an unchanged velocity, with
no change in pressure ratio across the fan. The pressure in-
tegral thus becomes, in a manner similar to Eq. (4),

I1/AS= ̂  { p s ( l - t / T 2 D ) 2 + p r [ l - ( l - t / T 2 D ) 2 ] } d t

10"

This is followed by a spherical decay at initial pressure

Ps

(20)
where a = (Kr).

This expression is valid until f becomes sufficiently small,
that ambient pressure is reached during the planar decay
period. The bounding value of t is, therefore,

For <1>0 = 106 W/cm2 and LSD conditions, this gives a lower
bound of 0.035. The impulsive coupling to the surface is
illustrated in Fig. 7 for an LSD wave. As the divisor of the
normalized impulse is a measure of the delivered laser energy,
the ordinate becomes a measure of efficiency of impulsive
delivery to a surface. Thus, it is clear that short pulse lengths
and high flux levels produce more efficient impulsive loading.
The cylindrical and spherical models can be seen to differ up
to 25% in the range of t illustrated. The cutoff points on the
$0 = io6 W2 /cm2 curves correspond to the pressure decaying
to ambient conditions at the same time as the laser pulse
terminates. Any laser energy deposited after this time is
wasted, as it does not contribute to impulse. The comparison
of LSD and LSC behavior in the transition region of flux
intensities between 106-107 W/cm2 is made difficult by the
lack of precise information concerning wave structure.
However, it is useful to consider the two limits of the LSC
model behavior. From Pirri et al.,8 the predicted surface
pressure corresponds roughly to W—Q.04. At transition, the
effectively overdriven detonation wave gives W— 0.104. The
use of the nondimensional impulse is not possible here, as the
surface pressures are different. The comparison is thus in
terms of an effective impluse pressure I/Asrp. The two
models are compared in Fig. 8. At a flux of IO6 W/cm2, the
LSC indicates a higher impulse than the LSD over the entire
range of f, ranging from 10-45%. At IO7 W/cm2, the two
values of W indicate substantial differences for the LSC,
being especially noticeable at short pulse times. Again, the
LSD gives a smaller value of impulse.

The Centerline Impulse
The preceding formulation is constructed in terms of the

pressure behind the radial rarefaction fan and the assumption
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of infinitesimal fan thickness. Obviously, this is not so. As
illustrated in Fig. 5, the rarefraction varies between 0.3 and
0.55 of the spot radius in width at the t — r2D. The decay of
pressure on the centerline must, therefore, be from an initial
pressure of ps not pr. In applying a self-similar blast decay
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uniformly over the spot, we are violating this initial condition.
There appears to be no easy answer to this problem, but as an
upper bound, the one-dimensional limit appears to give an
estimate of centerline impulsive intensity. Thus, for example,
the one-dimensional equivalent to Eq. (18a) gives

</M)

The difference between the spot-averaged and centerline
limits can be seen, in Fig. 9, for an LSD structure at 107

W/cm2. The ratio of impulses in these two models ap-
proximately corresponds to the pressure ratio (ps/pr).

The centerline impulse may possibly be represented by an
infinitesimally thin fan and decay starting from the
rarefaction pressure pr. This gives an impulse, which lies
between the spot-averaged and one-dimensional values. The
algorithms for this are, thus, similar to Eqs. (18-20), with the
first term replaced by unity. Thus, for example, Eq. (18a)
gives

A,rn

Efficiency of Impulse Delivery
The crudest measure of the efficiency of impulse delivery is

the coupling coefficient defined by:

As ps is proportional to $2
0

/3 for both LSD and LSG waves,
the coupling coefficient is such that

= const.

Ps= 110 BAR\ \ps = 135 BAR

X-CORRECTED FOR PRESSURE
AND SOUND SPEED

LSD

NORMALIZED PULSE LENGTH
Fig. 11 Comparison of impulse predictions of LSD two-dimensional
model with LASNEX.7

From this, it would appear that there is no obvious op-
timum pulse length, f, for efficient delivery. However, we
require an optimum mechanical energy delivery to the sur-
face. We can define the mechanical energy by:

= l/2ohA
Aoh

where Is/Aoh is the effective velocity imparted to the surface
beneath the spot. Thus, we have a coupling coefficient

Therefore, we can write

£mech / 2oh

^laser

\ r Is -|2fLS

\-ASTp J 3>0

(21)

This relationship is plotted for the same condition as given
in Fig. 10. As can be seen, an optimum pulse length does exist.
Although there is some slight variation with flux and LSC
particle velocity, the optimum pulse length lies below f«0.5.
It should be noted that the LSC structure, in general, provides
a higher mechanical coupling than the LSD.

III. Comparison of LSD Calculations
with LASNEX Code

Ferriter et al.7 utilized the LASNEX code to provide
calculation of spot impulse at a flux intensity of 6.35x 107

W/cm2. Their results are shown in Fig. 11. The data
correspond to a calculated surface pressure of 110 bars. As
can be seen, there is a significant difference between the
prediction of the present model and these of LASNEX.
However, this is due in part to discrepancies in the calculated
surface pressure and the value indicated by LASNEX; 135
bars as opposed to 110 bars, as given by Eq. (5). Ferriter et al.
explain this discrepancy in terms of their initial conditions for
the computation. They assumed a 0.1-cm-thick zone of hot air
above the surface at 1.5 eV as starting conditions. Re-
evaluating the present model in terms of a 135-bar initial
pressure and a higher sound speed gives much better
agreement. At long pulse times, the LASNEX predictions are
approximately 15% higher than the two-dimensional model,
whereas at short pulse lengths, they are low by about 35%.
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This latter result would again appear to relate to their initial
conditions, as the axial relaxation time is only 10% of its
predicted value, producing a more rapid pressure decay.

On the whole, it would appear that satisfactory agreement
has been obtained between the LASNEX computer code and
the present algorithmic two-dimensional model.

IV. Conclusions
A simplified, algorithmic model of momentum transfer to a

plane nonablating surface has been developed. It can be used
to describe both LSD and LSC wave structures in terms of
nondimensional pulse lengths and relaxation times. The LSD
compares well with computer predictions at high flux levels
(in excess of 107 W/cm2). Although lacking precise definition
at the present time, the LSC structure can be described in a
similar manner to the LSD, given knowledge of its radiative
properties (which imply a value of W). In general, the LSC
structure produces a higher impulsive coupling than the LSD
for a given flux intensity.

The optimum mechanical energy coupling, provided by the
laser pulse, has been calculated to be in the range
0.2<fLSD<0.3 for a flux intensity between 106-107 W/cm2.
For maximum energy transfer to the target, the pulse length
may be tailored with beam diameter and flux intensity to be in
this range.

It has been found that the model described here has
reasonable agreement with the observed impulse data
published in Ref. 10, and the reader is referred to that paper
for further information.
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Practical combustion systems are almost all based on turbulent combustion, as distinct from the more elementary
processes (more academically appealing) of laminar or even stationary combustion. A practical combustor, whether
employed in a power generating plant, in an automobile engine, in an aircraft jet engine, or whatever, requires a large and
fast mass flow or throughput in order to meet useful specifications. The impetus for the study of turbulent combustion is
therefore strong.

In spite of this, our understanding of turbulent combustion processes, that is, more specifically the interplay of fast
oxidative chemical reactions, strong transport fluxes of heat and mass, and intense fluid-mechanical turbulence, is still
incomplete. In the last few years, two strong forces have emerged that now compel research scientists to attack the subject
of turbulent combustion anew. One is the development of novel instrumental techniques that permit rather precise
nonintrusive measurement of reactant concentrations, turbulent velocity fluctuations, temperatures, etc., generally by
optical means using laser beams. The other is the compelling demand to solve hitherto bypassed problems such as iden-
tifying the mechanisms responsible for the production of the minor compounds labeled pollutants and discovering ways to
reduce such emissions.

This new climate of research in turbulent combustion and the availability of new results led to the Symposium from
which this book is derived. Anyone interested in the modern science of combustion will find this book a rewarding source
of information.
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